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Abstract 

We prove a basic property of continuous multilinear mappings be- 
tween topological vector spaces, from which we derive an easy proof of 
the fact that a multilinear mapping (and a polynomial) between topo- 
logical vector spaces is weakly continuous on weakly bounded sets if 
and only if it is weakly uniformly continuous on weakly bounded sets. 
This result was obtained in 1983 by Aron, Herves and Valdivia for 
polynomials between Banach spaces, and it also holds if the weak 
topology is replaced by a coarser one. However, we show that it 
need not be true for a stronger topology, thus answering a question 
raised by Aron. As an application of the first result, we prove that 
a holomorphic mapping / between complex Banach spaces is weakly 
uniformly continuous on bounded subsets if and only if it admits a 
factorization of the form f = g o S, where 5 is a compact operator 
and g a holomorphic mapping. 
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Our aim is to give characterizations of polynomials and holomorphic 
mappings on Banach spaces, which are weakly uniformly continuous on 
bounded sets. The polynomials with this property have been studied by 
many authors: see, for instance, p|, ^ A reason for their interest is that 
they are uniform limits of finite type polynomials (assuming the approxima- 
tion property on the dual space) 0, Proposition 2.7]. In the case of locally 
convex spaces, these classes of polynomials have been analysed in several 
places (see, e.g., |]16[). The holomorphic mappings with weakly uniformly 
continuous restrictions to bounded sets have also been considered in various 



16 



papers y. 

The paper is organized in three sections. In the first one we prove a basic 
result (Theorem |^ below) on continuity of multilinear mappings between 
topological vector spaces, roughly showing that a multilinear mapping is 
continuous on certain subsets if and only if the Cauchy nets contained in 
these subsets are mapped into Cauchy nets. 

As an easy consequence, we show that if a multilinear mapping between 
topological vector spaces is weakly continuous on weakly bounded sets, then 
it is also uniformly continuous on them. This is also true if the weak topol- 
ogy is replaced by a coarser one, and the proof uses the fact that weakly 
bounded sets are weakly precompact. 

This result extends and simplifies a well known theorem proved by Aron, 
Herves and Valdivia Theorem 2.9], for polynomials between Banach 
spaces. In fact, to prove Theorem |^, we just refine what they did in [||. 
This first Section is quite helpful to understand what it means for a multi- 
linear mapping to be continuous or uniformly continuous on certain classes 
of subsets. 

In the second Section, we answer negatively a question of Richard Aron's 
which was open for a number of years. Namely, he asked if given any 
vector topology r on a Banach space X, it is true that r-continuity on 
bounded sets is always equivalent to uniform r-continuity on bounded sets, 
for a polynomial on X. This was known to be the case when r is the 
norm topology, the weak topology, or the weak-star topology on a dual 
space. We show that if the unit ball is not r-precompact, then uniform 
r-continuity does not necessarily follow from r-continuity. To this end, we 
consider a locally convex topology, called ckw, defined as the finest locally 
convex topology on a Banach space having the same convergent sequences 
as the weak topology. This topology has been studied in various contexts 
0, |18|, |2^. Since the unit ball of Li[0, 1] is not cA;w-precompact, and we 
possessed a nice decription of the cfcw-topology on this space, we were able 
to construct a polynomial on Li[0, 1] which is c/cw-continuous on bounded 
sets, but is not uniformly c/cw-continuous on bounded sets. 

Before giving the contents of Section |^, we recall two easy properties 
of weakly uniformly continuous mappings between Banach spaces: first, 
every mapping whose restrictions to bounded sets are weakly uniformly 
continuous, takes bounded sets into relatively compact sets 0, Lemma 2.2], 
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and second, a linear bounded operator is compact if and only if it is weakly 
(uniformly) continuous on bounded sets [|, Proposition 2.5]. 

It is then clear that if a holomorphic mapping / between complex Banach 
spaces admits a factorization of the form f = g o S, where 5 is a compact 
operator, and g a holomorphic mapping, then / is weakly uniformly contin- 
uous on bounded sets. In Section |^, we apply the main result of the first 
part (Theorem ^ to show that these easy examples are the only ones, i.e., 
every holomorphic mapping whose restrictions to bounded sets are weakly 
uniformly continuous admits a factorization as above. We take advantage 



of work by Braunsz and Junek: namely, some ideas of Theorem below 
are contained in Proposition 2.14]. 

Factorizations of holomorphic mappings have already been considered, 
but here the factors stand in inverse order. Thus, it is proved in that 
a holomorphic mapping / is compact (i.e., takes a neighbourhood of each 
point into a relatively compact set) if and only if it admits a factorization 
of the form f = S o g^ where g is a. holomorphic mapping, and S a compact 
operator. A similar result is proved in |jl9[ for weakly compact holomorphic 
mappings. 

li X,Y are topological vector spaces, to each A;- homogeneous polynomial 
P from X into Y, it is associated a unique symmetric fc-linear mapping 
P : Xx !-':\ xX — i> Y, given by the polarization formula ^7\, Theorem 1.10], 



so that P{x, . . . ,x) = P{x) for all x G X. We refer to 0, ^Tj for the general 
theory of polynomials and holomorphic mappings on infinite dimensional 
spaces. 

The set of natural numbers is denoted by N. A net in a topological 
vector space is said to be (weakly) null if it is (weakly) convergent to zero. 
If X is a Banach space, then Bx stands for its closed unit ball, and X* for 
its dual. By an operator we mean a linear continuous mapping. 



1 Uniformly continuous polynomials 

In this part, we give a basic property of multilinear mappings, and derive 
an easy proof of the equivalence between weak continuity and weak uniform 
continuity on weakly bounded sets. 

Definition 1 A family B of subsets of a vector space X is said to be a 
homology if it satisfies the following conditions: 

(a) B covers X; 

(b) AeB, DdA^DeB- 

(c) A,D E B ^ AU D E B; 

(d) for every A E B, and every scalar A, we have XA E B; 

(e) A,D E B ^ A + D E B. 

If X is a topological vector space, examples of bornologies on X are the 
family of all subsets, the family of all (weakly) bounded subsets, the (weakly) 
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compact sets, etc. Given a homology B on X, we say that ^4 C X is a B-set 
a A e B. We say that a net {xa)aer C X is a B-net if {xa : a E T} e B. 

Definition 2 Given topological vector spaces Xi, . . . , X^, Y, a fc-linear (not 
necessarily continuous) mapping A : Xi x ■ • • x X^ Y, and a homology 
Bj on Xj, for each 1 < j < k, we say that A is continuous on Bj-sets if for 
each Bj e Bj, x^ E Bj {1 < j < k), and each zero neighbourhood V in Y, 
there are zero neighbourhoods Uj in Xj so that 

A{y\...,y')-A{x\...,x')eV 

whenever e Bj satisfy y^ — x^ e Uj, ior 1 < j < k. 

Clearly, A is continuous on Bj-sets if and only if, given a convergent Bj- 
net — > x^ {a G F) in Xj, for each 1 < j < /c, then the net (^A ^a;^, . . . , a;^)) 
converges to y4(a;^, . . . , x^) in F. 

Theorem 3 Let X-i, . . . , X^, Y be topological vector spaces, and A : Xi x 
■ ■ ■ X Xk — > y a k-linear (not necessarily continuous) mapping. Let Bj be a 
bornology on Xj {I < j < k). Then the following assertions are equivalent: 

(a) A is continuous on Bj-sets; 

(b) given Cauchy Bj-nets (a;^)aer C Xj {1 < j < k) such that at least 
one of them is null, then the net {^A {x\, . . . ,x^^ converges to zero in 
Y; 

(c) given a Cauchy Bj-net {x^^^^y -^jy /'^'^ ^^^^ 1 < J < then the 
net [a {x\^, . . . , 2^a)) gp Cauchy in Y . 

Proof, (a) =^ (b). If /c = 1, there is nothing to prove. Assume the result 
is true for all {k — l)-linear mappings and fails for the /c-linear mapping 
A. Then we can find Cauchy ;Bj-nets {x^a)a&T <^ (1 ^ J < least 
one of which is null (to simplify notation, assume x]^ — > 0), and a zero 
neighbourhood Vi in Y such that 

A(x\,...,xI)^V, (aer). 

Let V2 be a zero neighbourhood such that V2 -\- V2 C Vi. For each fixed 
aer, the mapping Ax^ given by 

Ax'^{z\ z'-') := A{z\ z'-\ x'j {z^ eX,;l<J<k- l) 

is {k — l)-linear and takes convergent Bj-nets into convergent nets. By 
induction, there is K{a) e F so that 

A (4, . . . , xy, = Ax', (4, . . . , 4-^) eV2 (/? > K{a)) . 
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For every a eT, we have 



k-l k 
(a)> • • • > •^K(a)' •^K(a) 



Consider the vectors: 

We can assume K{a) > a. This condition assures us that the B^-nets 
(VcxJaeT -^3 (1 ^ J ^ k) 3-^6 Cauchy, and at least two of them are null. 
By repeating the process, we obtain i3j-nets (-2^)„gr C Xj {1 < j < k), all 
of them null, and a zero neighbourhood in Y, so that 

This contradicts our assumption (a). 

(b) ^ (c). Let (x^)^£r (1 < J < k) be Cauchy B^-nets. We have 

A (x]^, . . . , — A (^x^, . . . , x^^ = 

-\- A ( ™/c \ 

In each of the above terms, letting (a, /3) G F x F increase, all the nets are 
Cauchy B^-nets, and at least one of them is null. Then 



lim 



A ^x^, . . . , — A (^x^^, . . . , x^j — , 



and therefore (^A (^x^, . . . , x^)) is a Cauchy net. 

(c) (a). Suppose A is not continuous on B^-sets. Then we can find 
sets Bj e Bj, points x^ e Bj, and a zero neighbourhood y in y so that 
for every zero neighbourhood Uj in Xj {1 < j < k) there is € -Bj, with 
yuj - e Uj but 

A(yc7,,...,yt/J - A(x\...,x'=) ^ y. 

Let Uj be the family of all zero neighbourhoods in Xj, and U :—Ui x • • ■ x 
Uk X N, ordered in the natural way. For each U — {Ui, . . . , Uk, n) e U, and 
j e {!,..., /c}, let 

j i UUj if « is even 
' 1 x-' if n is odd. 

Then {^"^u)^^^ is a Cauchy Bj-net. However, the net {^A (^Zjj, . . . , ^u")) ^^^^ 
is not Cauchy. □ 

If, for each j, we take as Bj the bornology of all subsets of Xj, the 
assertion (a) in the last Theorem simply states that A is continuous. 
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Definition 4 Let f : X ^ Y he a mapping between topological vector 
spaces, and B a homology on X. We say that / is uniformly continuous on 
B-sets if for every zero neighhourhood V in Y, and every B & B there is a 
zero neighbourhood U in X such that we have f{x) — f{y) G V whenever 
x,y E B satisfy x — y E U. This definition may be adapted to multilinear 
mappings in an obvious way. 

Recall that a subset i? of a topological vector space X is precompact if 
for every zero neighbourhood U in X there is a finite set M C i? such that 
B (1 M + U . It is well known that B is precompact if and only if every 



net in B has a Cauchy subnet |T^, Theorem 6.32]. We shall use this fact in 
the proof of the following result, which relates uniform continuity with the 
properties considered in Theorem ^ 

Theorem 5 Let X , Y be topological vector spaces, and B a homology of 
precompact sets in X . Then a mapping f : X ^ Y is uniformly continuous 
on B-sets if and only if it takes Cauchy B-nets into Cauchy nets. 

Proof. Let / be uniformly continuous on B-sets, (x^) C X a. Cauchy i3-net, 
and V a zero neighbourhood in Y. There is a zero neighbourhood U G X 
so that whenever Xa — xp e U, then we have /(xq,) — fi^xp) G V. Now, since 
(xq) is Cauchy, there is ao such that 

Xa — Xf} E U {ce,P > ao) , 

and hence (/(xq,)) is Cauchy. 

Conversely, assume / is not uniformly continuous on ;B-sets. Then we 
can find B E B, and a zero neighbourhood ^ C 1^ so that for every zero 
neighbourhood U C X, there are xu,yu ^ B, with xu — yjj E U and 

f{xu) - f{yu) i V. 

Let U be the family of all zero neighbourhoods in X. Since every i3-net 
has a Cauchy subnet, we can assume that the nets {xu)u&Ji {yu)ueu are 
Cauchy. Consider the set W := W x N, ordered in the natural way. To each 
W = {U,i) E W we associate 



Zw 



Xu if i is even 
yu if i is odd. 



Then the ;B-net {zw) is Cauchy. However, {f{zw)) is not Cauchy. □ 

Clearly, Theorem ^ is also valid for multilinear mappings, with obvious 
modifications. 

Remark 6 \i f : X -^Y satisfies the hypotheses of Theorem ^, then f{B) is 
precompact for each B E B. The converse is not true. Indeed, by modifying 
an example given in |TB|, p. 82], we now construct a real valued function / 



on a Banach space, with the following conditions: 
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(a) / is weakly continuous on bounded sets (it will even be weakly con- 
tinuous on the whole space); 

(b) / takes bounded sets into precompact sets, i.e., / is bounded on 
bounded sets; 

(c) / is not weakly uniformly continuous on bounded sets. 

Let X be a separable, nonreflexive Banach space. By James' theorem, 
we can find cf) G X*, with ||</)|| = 1, which does not attain its norm on Bx- 
Let ^ 

— 1 

Since X is normal for the weak topology, and g is weakly continuous, g ad- 
mits an extension g io X which is weakly continuous. Since g is unbounded 
on Bxi it is not weakly uniformly continuous on Ex- Therefore, there is 
5 > so that for each convex, weak zero neighbourhood [/ in X we can 
find x,y E Bx with x — y E U and \g{x) — g{y)\ > S. The segment [x, y] is 
clearly contained in Bx H {y + U). Choose A > vr^^^, and define 

fix) ■.= sm{Xg{x)) (x G X) . 

Clearly, / is weakly continuous and bounded. However, it is not weakly 
uniformly continuous on Bx since we can find z G [x,y] so that \f{z) — 
/(y)l>l- 

Corollary 7 Let Xi,...,Xfc,y he topological vector spaces. Let tj be a 
vector topology on Xj, coarser than or equal to the weak topology, and Bj 
a homology of weakly bounded sets on Xj [1 < j < k). Then a k-linear 
mapping from Xi x ■ ■ ■ x X^ into Y is Tj -continuous on Bj-sets if and only 
if it is uniformly Tj-continuous on Bj-sets. 

Proof. Since the weakly bounded sets coincide with the weakly precompact 
sets ||13|, Corollary 8.1.6], every ;B-,-set is Xj-precompact. Therefore, it is 
enough to apply Theorem § and Theorem □ 

Using the polarization formula, it is clear that a polynomial P between 
topological vector spaces takes convergent i3-nets into convergent nets if and 
only if so does P, and that P takes Cauchy i3-nets into Cauchy nets if and 
only if so does P. Therefore, we obtain: 

Corollary 8 Let X, Y he topological vector spaces. Let t he a vector topol- 
ogy on X coarser than or equal to the weak topology, and B a homology on X 
consisting of weakly bounded sets. Then a homogeneous polynomial from X 
into Y is r-continuous on B-sets if and only if it is uniformly T-continuous 
on B-sets. 

The particular case when B is the bornology of bounded sets in a Banach 
space, and r the weak topology was proved in |^, Theorem 2.9]. The result 
for B being the bornology of Rosenthal sets, or Dunford-Pettis sets in a 
Banach space, and r the weak topology, was obtained in [|TT], Proposition 3.6 
and the comment after it]. 
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2 A counterexample 



In this Section, we show that the role of precompactness in Corollaries |^ 
and |]is essential. We shall consider a topology on Li[0, 1], compatible with 
the dual pairing {Li[0, l],Loo[0, 1]), for which the unit ball is not precom- 
pact, and give an example of a polynomial not satisfying the conclusion of 
Corollary || for this topology. 

If X and Y are Banach spaces, the space of /c-homogeneous (continuous) 
polynomials from X into Y is denoted by V{'^X;Y), and that of fc-linear 
(continuous) mappings from X'' = Xx xX into Y, by CC'XiY). If Y 
is omitted, it is understood to be the scalar field. 



The ckw topology |10] on a Banach space X is the finest locally convex 
topology having the same convergent sequences as the weak topology. On 
an infinite dimensional space, it is strictly finer than the weak topology, and 
on a Banach space without the Schur property, it is strictly coarser than 
the norm topology. It is therefore a topology compatible with the pairing 
{X,X*), and so its bounded sets are the norm bounded sets. 

Given a Banach space X, a subset K of its dual X* is an {L)-set if, for 
every weakly null sequence (x„) C X, we have 

lim sup \ {xn, 4>) \ = . 
The ckw topology on a Banach space turns out to be the topology of 



uniform convergence on (L)-subsets of the dual [jTO|, Theorem 3.1]. A subset 



is c/cw-precompact if and only if each sequence in it has a weak Cauchy 



subsequence [jTO|, Theorem 4.4]. An operator between Banach spaces is ckw- 
to-norm continuous if and only if it is completely continuous, i.e., it takes 
weakly null sequences into norm null sequences |10|, Proposition 3.2]. 

If a Banach space contains a copy of ii, then its unit ball will not be 
cfcif-precompact. This is the case, for instance, of Li[0,l]. Moreover, it is 
proved in 0, Theorem 3.7] that a bounded subset K of Loq[0, 1] = Li[0, 1]*, 
is an (L)-set if and only if it is relatively compact as a subset of Li[0, 1], 
when we consider Loo[0, 1] embedded into Li[0, 1] by means of the identity 
map. 

We first give a result whose proof uses standard techniques. To each 
polynomial P G P(^X; Y), we associate an operator 

Tp:X — > C^-^X, Y) 

given by 

Tp(x)(xi, . . . ,Xfe_i) := P{x,Xi, . . . ,Xfc_i), 
for x,Xi, . . . , Xk~i G X. 

Proposition 9 Let t he a vector topology on a Banach space X, and P G 
Vi^X] Y). Then P is uniformly r-continuous on bounded sets if and only if 
so is Tp. 
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Proof. Suppose P is uniformly r-continuous on Bx- Given e > 0, we can 
find a balanced r zero neighbourhood t/ in X so that \\Px — Py\\ < e 
whenever x,y E Bx satisfy x — y E U. 

Assume x,y satisfy the above conditions, and let Z2,---,Zk G Bx- By 
the polarization formula, 

{Tp{x) - Tp{y)) {z2, ...,Zk) = 

P{X, Z2,... , Zk) - P{y, Z2,...,Zk) = 



k 



k 



E 



ei • • • efc 



e,=±l 



Easily, we conclude that 



p I eix + €2Z2 H ^ekZk \ _ p f ^iV + ^2^2 H \- <^kZk \ 



k - k _ 



|rpW-rpfe)i|<6^J 



and Tp is uniformly r-continuous on Bx- 

Conversely, let Tp be uniformly r-continuous on Bx- For < e < 1, 
there is a r zero neighbourhood U <Z X so that ||Tp(x) — Tp{y)\\ < e 
whenever x,y E Bx satisfy x — y E U . For such x,y, we have 

\\Px - Py\\ < 

\\P{x, --.,x) - P{x,y,x,.. . ,x)|| + \\P{x,y,x,-- - ,x) - P{x,y,y,x, . . . + • • 
+ \\Pix,y,...,y)-Piy,...,y)\\ = 

\\{Tp{x)-Tp{y)){x,..-,x)\\ + UTp{x)-Tp{y)){x,y,x,---,x)\\ + --- < 
ke , 

and P is uniformly r-continuous on Bx, which completes the proof. □ 

Since Tp is linear, Tp is uniformly r-continuous on bounded sets if and 
only if it is r-continuous on bounded sets. Therefore, we easily obtain: 

Corollary 10 A polynomial P E V{'^X] Y) is uniformly ckw- continuous on 
bounded sets if and only if the associated operator Tp is completely contin- 
uous. 

We are now ready to construct our polynomial, which is a modification 
of an example given in |[^. To this end, we divide the interval (0,1) into 
subintervals 

and denote by Xj the characteristic function of Ij. Let (r„) be the Rademacher 
functions on [0, 1], given by 

rn{t) ■-= sign sin 2"7rt {t E [0, 1]) . 

Easily, we obtain: 

n > j 

{rn, Xj) = { -S^-'' n = j 
2'^ n < j - 
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Note that for each / G Li[0, 1] we have 

oo 

EI(/'X,)l< 

For f,g,hE Li[0, 1], define 



(1) 



Since 



\A{f,g,h)\<\\g\\.\\h\\-J2\{f,Xj)\< 



llfi'll ■ ll^ll > 

we have that A is a 3-hnear continuous form on Li[0, 1]. Then, the function 

P{f):=A{fJJ) (/GLi[0,l]) 

is a 3- homogeneous continuous polynomial on Li[0, 1]. 

Proposition 11 The polynomial P is ckw -continuous on bounded sets of 
Li[0, 1], but is not uniformly ckw -continuous on bounded sets. 

Proof. We first show that the associated operator Tp is not completely 
continuous. By Corollary 0, this will imply that P is not uniformly ckw- 
continuous on bounded sets. Since 

P(/, 9,h) = ^ [A{f, g, h) + A{h, /, g) + A{g, h, /)] , 
the operator Tp : Li[0, 1] — > £ (^lvi[0, 1]) is given by 



Then 



Since 
and 



Tp(/) = -[A(-,-,/) + A(/,-,-) + ^(-, /,-)]• 



cxj 



(■,Xn)'-2-2-"(-,Xn)(-,r.)+2 2-^-(-,x,)(-,r,). 

j=n+l 



,Xn? 



-2-2--(-,X„)(-,r„) + 2 2-^-(-,x,)(-,r,) 

j=n+l 



< 4 • 2" 
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we obtain that ||Tp(r„)|| does not converge to zero. Since (r„) is a weakly 
null sequence in Li[0, 1], this shows that Tp is not completely continuous. 

Let us now prove that P is cfcw-continuous on bounded sets, in other 
words, given /o G Li[0,l], e > and r > ||/o||, there exists an (L)-set 
K C Li[0,l]* so that |P(/) - P(/o)| < e whenever / e Li[0,l] satisfies 
11/11 < r and / - /o G °K, where 

°K := {g G Li[0,l] : < 1 for all h e K} . 

Indeed, choose 6 > with 

5r^5<e. (2) 
Thanks to ([l|) , we can find jo G N so that 

I (/o, Xi) I < ^ for every j > jo- (3) 

The set 

K := {r^Xi : J e n} U {rV,- : 1 < J < Jo} 
is an (L)-set in Li[0, 1]*. Moreover, for / G Li[0, 1], we can write 

P{f) - P(/o) = 

A{f, f - /o, /) + A{f, /o, / - /o) + A(/ - /o, /o, /o) = 

oo io 

E (/> X,) (/ - /o, X,) (/, r,) + E if, Xj){fo, X,) if - fo, r,) + 

CO oo 

E (/' Xj) (/o, Xj) (/ - /o, rj) + E(/ - /o' Xi) (/o, Xj) (/o, r^) . 

If / — /o G °A", we have 

I (/ - /o, '^j) I < 5 for 1 < j < jo, and 
K/-/o,X,)l <5 foralljGN. 

Using these two inequalities along with (|I|), (|^) and (^), we get 
|P(/)-P(/o)|< 

11/11 •5- 11/11 + 11/11 -ii/oii -5+ 11/11 II/- /oil +5- ii/oir< 

and the proof is complete. □ 

When we consider the norm topology, we do have that if a polynomial 
is norm continuous (on bounded sets), it is also uniformly continuous on 
bounded sets, and however the unit ball is not norm precompact in infinite 
dimensional Banach spaces. This is due to the fact that the balls centered 
at the origin constitute a base of zero neighbourhoods, and a polynomial on 
a locally convex space is continuous if and only if it is uniformly continuous 
on some zero neighbourhood [Q. 
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3 Factorization results 



In this part, we apply Theorem ^ to prove that a holomorphic mapping / 
is weakly uniformly continuous on bounded sets if and only if it may be 
written in the form f = g o S, where 5 is a compact operator, and g a 
holomorphic mapping. 

For Banach spaces Xi, . . . ,Xk and Y, we use C{Xi, . . . , X^, Y) to rep- 
resent the space of fc-linear (continuous) mappings from Xi x ■ ■ ■ x Xk into 
Y. The space of compact operators from X into Y is denoted by Co{X; Y). 

We denote by Cwb{Xi, . . . ,Xk;Y) the space of fc-linear mappings which 
are weakly continuous on bounded sets, in the sense of Definition |^. We 
define the spaces Cu,h{^X; Y) and Vy^bi^X; Y) in an analogous way. 

For each 1 < ^ < A;, consider the mapping 

6 : C{Xi, . . . , Xfc; Y) — > ^{Xi, . . . , Xf, £(Xj+i, . . . , X^; Y)) 

taking A into A given by 

A(xi, . . . , Xi) (xj+i, . . . , Xk) '■= A(xi, . . . , Xk) 

for Xj & Xj {1 < j < k). It is well known that is a linear surjective 
isometry. 

Proposition 12 Given Banach spaces Xi, . . . , Xk, Y , the isometry maps 
the space Cwb{Xi, . . . ,Xk;Y) onto the space 

^wb {Xi, . . . , Xi] Cwb{Xi+i, . . . , Xk] Y)) . 

Proof. If A is weakly continuous on bounded sets, it is clear that the range 
of A lies in Cwb{Xi+i, . . . , Xk]Y). Now, let bounded, weak Cauchy nets 
(x^) C Xj be given, for 1 < j < i, at least one of which being weakly null. 
Suppose we have 



> 6 



for some S > 0. Then we can find nets (x^) C Bx^ + 1 < J < fc) that can 
be assumed to be weak Cauchy, so that 



A{xl... 



X, 



A [x]^, . . . , {x''^^, 



>6. 



a contradiction (Theorem Applying again Theorem ^, we obtain that A 
is weakly continuous on bounded sets. 
Conversely, if 

A G Cwb {Xi, . . . , Xi] £^fe(Xj+i, . . . , Xk] Y)) 

and, for each 1 < j < k, a. bounded net (x^) C Xj is given which converges 
weakly to x^ , we easily obtain that A G C^biXi, . . . , Xk] Y) by writing 



A (^x^, . . . , x^^ — A{x^, . . . , x*^) 

i^-^ay ■ ■ ■ ■> -^aj (^-^a 5 • • • ? 



< 
+ 



A{x\ 



A{x^ 



{^T, 



A(x\...,xO(x 



i+l 
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This completes the proof. □ 
Our next result shows that P factorizes if and only if so does P. 



Proposition 13 LetU he an operator ideal, and P G V{^X; Y), for Banach 
spaces X, Y . The following assertions are equivalent: 

(a) there are a Banach space Z , an operator S G Z), and a poly- 
nomial Q G V{^Z] Y) so that P = QoS; 

(b) there are Banach spaces Zi, operators Si G U{X;Zi) (1 < ^ < n), 
and a k-linear mapping B G C{Zi, . . . , Z^; Y) so that P = B o (5*1, . . . , Sk). 

Moreover, if (b) is satisfied, then we can choose S and Q in (a) so that 
\\S\\ = max ||S'i||, and \\Q\\ = \\B\\. 

Proof (a) (b). Take Zi = Z , Si = S {1 < i < k), and B = Q. 

(b) =^ (a). Take Z = Zi x ■ ■ ■ x Z^; Sx := {Six, . . . , Skx) for all x E X, 

and 

Q {{zi, . . .,Zk)) := B{zi, ...,Zk). 

To see that Q is a polynomial, note that its associated symmetric fc-linear 
mapping is 

Q{{zl,...,zl),...,{z'l,...,z',)) ■.= yT.B{zl\...,zl^) , 

where the sum is taken over all permutations (ii,...,?^) of the numbers 
{l,...,k). 

Endowing Z with the supremum norm, we obtain ll^ll = max \\Si\\, and 
\\Q\\ = \\B\\. □ 

In the proof of the next theorem, we shall use the well known fact that 
for every compact operator T : X Y between Banach spaces, we can 
find a space Z and compact operators S : X ^ Z and R : Z ^ Y so 
that T = R o S |TB|, Theorem 17.1.4]. We are indebted to H. Junek who 
pointed out that, as shown in [|1^, Lemma 1.2], we can renorm Z so that 
||i?||-||S'|| = ||T||. As usual, we denote by co(X) the Banach space of all null 
sequences in X, endowed with the supremum norm. 

Theorem 14 Given Banach spaces Xi, . . . , X^, Y and a number e > 0, for 
each A G C^biXi, . . . ,Xk;Y) there are Banach spaces Zi, . . . , Zk, operators 
Si G Co{Xi; Zi) and a mapping B G Cyji,{Zi, . . . , Z^] Y) so that 

A{xi, ...,Xk) = B{SiXi, SkXk) {xi G Xi) , 

and \\B\\ ■ \\Si\\ ■ ... ■ ll^fcll < (1 +e)||A||. 

Proof. For = 1, we have the above mentioned result for linear operators. 
Assume the theorem is true for the {k — l)-linear mappings (fc > 1), and 
take A := (1 + e)^/'^. Given A G . . . , X^; F), Proposition |l^ provides 

an associated 

AG/:^,(X2,...,Xfc;Co(Xi;r)). 
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By induction, we can write A = D o (S2, ■ ■ ■ , Sk), with Si G Co{Xi; Zi) 
{2<t<k),De ...,Zk; Co(Xi; Y)), and 

\\D\\ ■ \\S2\\ ■ . . . ■ \\Sk\\ < A^-iA||. 

By Proposition 0, we associate to D an operator 

DeCo (Z2; Co (Xi; C^biZs, ...,Zk; Y))) . 

Since D is compact, there is a sequence C Co (Xi; ^^^^(Zs, . . . , Zk, Y)) 
with ll-Dnll ^ so that D (-8^2) is contained in the absolutely convex, closed 
hull of {Dn}, and 

\D\\ 



x-'< 



Define 



sup ||-D„| 



T : Xi — > Cq {Cyjhi^Z^ 



Zk\Y)) 



by Txi := (-D„xi)5^^. Clearly, T is compact and so we can find a space Zi 
and compact operators Si : Xi ^ Z\ and R : Z\ ^ cq {Cwb{Zs, . . . , Z^, Y)) 
with 5*1 (Xi) dense in Zi, such that T = RoSi and ||_R|| ■ IISiH = ||T||. Define 
a linear mapping 



t/ : T(Xi 



'^^u'6(-^25 • • • , Y) 



by 



t/(rxi)(z2, • • • ,2;/=) := {Dz2){xi){z3, ...,Zk) 



for G Xi, Z2 G ^2, . . . , ^fc ^ -^fc- Clearly, f/ is well defined. If \\z2\\ = 1, 
we have Dz2 = E^=i KDn, with E^=i |A„| < 1. Then, 



\\U{TXi){z2,...,Zk) 



J2KiiDnXl){z3,...,Zk) 



n=l 
f 00 



< H ) ( ll-Dna;i|| ) ■ ll^sll ■ • • • ■ Ikfcl 

\n=l 



\Z2\ 



\Zk\\ ■ 



Therefore, V is continuous and admits an extension V to the closure of 
T(Xi), with ||V"|| = ||f/|| < 1. Since R is compact, the operator 

yoR:Z^^ L^b{Z2, ....Z^-Y) 

is compact. Let B G Lwh{Z\, . . . , Z^; F) be the /c-linear mapping associated 
to y o i? by Proposition WX We have 



151 



\V oR\\ < \\R\ 
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For Xi G Xi, . . . , Xfc G X^, we obtain 



B{SiXi,. . . ,SkXk) = {V o R{SiXi)) {S2X2, . . . , SkXk) 

= U(Txi){S2X2,. ■ ■ ,SkXk) 

= {DS2X2){Xi){SsXs,...,SkXk) 

= D{S2X2,. . . ,SkXk){Xi) 

= A{X2, ■ ■ ■ ,Xk){xi) 

= A{xi,. . . ,Xk) . 
Moreover, since = and 

\\D\\ = \\D\\ > X-^sup \\DJ = A-^TII = X-^\\R\\ ■ \\Si\\ > X'^\\B\\ ■ \\Si\\ , 
we get 

||5|| ■ • \\S2\\ • . . . ■ \\Sk\\ < X\\D\\ ■ \\S2\\ • . . . • ll^fcll < A'^pll , 
and the proof is complete. □ 

Corollary 15 Given Banach spaces X, Y and a polynomial P G V{^X\ Y), 
we have that P G Vwh{^X] Y) if and only if there are a Banach space Z , 
an operator S G Co{X;Z), and a polynomial Q G VwbC'Z-jY) such that 
P = Q o S. Moreover, given e > 0, we can obtain \\Q\\ ■ \\S\\^ < (1 + 

Proof Suppose P G V^,b{''X;Y). Then P G £^6(^X;F). Given e > 0, 



by Theorem III, we can write P = B o [Si, . . . , Sk), with Si G Co{X; Zi 



B G L^h{Zx, ...,Zk] Y), and 

\\B\\-\\Si\\-...-\\Sk\\<{l + t)\\P\\. 

We can assume that \\Si\\ = ■■■ = \\Sk\\- By Proposition |l^, we have 
P = QoS, with ligil • < (1 + e)||P||. Easily Q is weakly continuous 
on bounded sets. The converse is clear. □ 

For complex Banach spaces X, Y, let 7i(X; Y) denote the space of all 
holomorphic mappings from X into Y, and Hwbu{X;Y) the subspace of 
all mappings in 7i(X; Y) whose restrictions to bounded subsets are weakly 
uniformly continuous. We obtain: 

Theorem 16 Let X, Y be complex Banach spaces, and f G T-C{X]Y). 
Then f G T-Cwbu{X;Y) if and only if there are a space Z, an operator 
S G Co(X; Z), and a mapping g G Ti.wbu{Z; Y) so that f = g o S. 

Proof. Let / = Z^fcli Pk be the Taylor series expansion of / at the origin, 
and suppose / G Ti.wbu{X; Y). By the Cauchy-Hadamard formula, we have 
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lim llPfcll^/*^ = 0. By Corollary |T5|, there are spaces Z^, operators Sk € 
Co{X; Zk) and polynomials Qk G Vwhi^Z^, Y) such that Pk = Qk o Sk, with 



\\Qk\\-\\Sk\\'<2\\P4<2'^\\Pj,\ 

k\ 



(the last inequality is well known and may be seen in |jT^, Theorem 2.2]). 
Then, using the Stirling formula, 

lim||O.||'".||S.||<limp^.|lftir" = 0. 

We can assume therefore that \\Sk\\ and HQfeU^/*^ — >■ 0. Define 

S:X^Z:= Co{Zk) 
by Sx = {Skx)k- Clearly, S is compact. Denoting 

TTfc : (yi) e Z \ — >yke Zk, 

we define g : Z ^ Y by g{y) := Y.T=i Qk ° T^k{y)- Since lim \\Qk o vTfef = 
lim IIQfell^'''^ = 0, we have that g vs a. holomorphic mapping, bounded on 
bounded sets. Moreover, Qk o r^k is weakly continuous on bounded sets, for 
all k. Therefore, g G Hwbu{Z; Y). The converse is clear. □ 

We recall that it remains unknown whether a holomorphic mapping be- 
tween Banach spaces which is weakly continuous on bounded sets is or not 
automatically weakly uniformly continuous on bounded sets [H, i.e., whether 
or not a holomorphic function on a Banach space can satisfy the conditions 
(a), (b) and (c) given after the proof of Theorem ^. 

We thank Professor S. Dineen for pointing out a gap in a first version of 
Proposition Trying to fill in this gap led us to find Theorem ^. 

Most of this work was done while the second named author was visit- 
ing the Mathematics Department of University College Dublin, whom he 
wishes to thank for their hospitality. He also thanks DGICYT (Spain), for 
supporting his stay. 
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